Mot s6 phuong phap va ki thuat giai bai toan phuong trinh ham*

Nguyén Duy Théi Son
Dai hoc Su pham Da Néang

1 Sw& dung nguyén ly qui nap

Day 1a mot phuong phap quan trong trong viéc giai quyét cic bai toan phuong trinh ham trén tap
s6 nguyen. Trudc hét, ta biét ring nguyen 1y qui nap c6 nhiéu cach phat biéu tuong duong; trong
s6 do, c6 nguyen 1y sap thit tu tot.

Tinh chit sip thi tu tdét trén tap cac sb tu nhién.
Nguyén 1y sap thit tu t6t néi rang moi tap khong réng cac sd ti nhién déu c6 phan ti nhé nhat.
Bai toan 1. Twm tat cd cic ham s6 f : N — N sao cho
mf(n) +nf(m) = (m+n)f(m*+n?)
vd1 moi m,n € N.

Cach gidi thit nhat. Diéu kién can. Gid st f : N — N 13 mot nghiém ham ctia phuong trinh ham
da cho. Trong phuong trinh

mf(n) +nf(m) = (m+n)f(m®+n?) (1)

chon m = 0 ta thu dugc
Suy ra

v6i moi n € N* va do d6 v6i moi n € N.
Xét ham phu g : N — Z dinh nghia bdi

g(n) = f(n) — F(0) VneEN,
Ta sé chiing minh ring g = 0. Chuyén phuong trinh ham (1) qua g ta c6

(1) < m(g(n)+ £(0)) +n(g(m) + £(0)) = (m+n)(g(m* +n*) + £(0))
& mg(n) +ng(m) = (m +n)g(m? + n?) (3)

*Day la ndi dung bai giang dudc tac gia trinh bay tai cac khéa tap huan gido vien THPT chuyén khu virc phla
Bic (Ha Noi, 9/2014) va khu vic phia Nam (Viing Tau, 10/2014) do “Chuong trinh trong diém Qubc gia phat trién
Toan hoc giai doan 2010-2020”, Vien Nghién citu cao cip vé Toan, t6 chitc.



v6i moi m,n € N va

(2) & g(n*) =0 VneN. (4)
Vé6i m = n, (3) cho ta

2ng(n) = 2ng(2n?) < g(2n?) = g(n) Vn e N. (5)
Trong (3) lay m = k2, n = 2k? (k € N) va sit dung (4), (5), ta c6

Kg(k) + 2k% -0 = 3k%g(5k*) = g(k) = 3¢(5k*) VkeN (6)

(chi y riang (4) dan dén g(0) = 0 nén (6) dang khi k = 0). Tt (6) ta c6 thé chitng minh bing qui
nap theo s rang

3| g(k) VEeN
v6i moi s € N*. Vi thé, g(k) = 0 v6i moi k € N. Vay f 1a mot ham héng.

Diéu kién di. Thit lai ta thay ring moi ham hing f : N — N déu 1 nghiém ctia phuong trinh
ham ban dau.
L]

Céch khdc. Diéu kién can. Gia sit f : N — N 13 mot nghiém ham. Trude hét, ta sé chitng minh ring
tren N* ham f c6 gid tri khong do6i. Ta suy luan bang phan ching: Gia st diéu can chiing minh 13
sai. Khi do, tap

A={deN"|Im,ne N d= f(m)— f(n)}

14 mot tap con khong rdng ctia N*. Theo tinh chat sap thi tu tot trén N*, ton tai gia tri nhé nhat
do =min A. Vivay, dy € A = Im,n € N*,dy = f(m) — f(n).
Theo (1), f(m? + n?) = o f(n) + 5 f(m) 1a trung binh cong ctia m + n so: f(n),.. .,

f(n), f(m),..., f(m) (ms6 f(n) van sd f(m)). Ta suy ra

f(n) = min{f(m), f(n)} < f(m® +n®) < max{f(m), f(n)} = f(m).

Vay, di = f(m? +n?) — f(n) € A, di < dy = min A, vo Iy! Mau thudn d6 cho ta thiy f khong ddi
tren N*. Ma f(0) = f(1) nén f hing tren N.

Diéu kién du: nhu da thay. O

Bai toan 2. Cho f: N* — N* la mot toan anh va g : N* — N* la mot don dnh ma f(n) > g(n)
vdi moi n € N*. Chiing minh rang f(n) = g(n) vdi moi n € N*.

Gidi. Ta trinh bay cach thit nhat, st dung nguyén 1y qui nap. Theo gid thiét f 13 mot toan anh
nén ton tai day so nguyen duong (ny)g>1 sao cho

flng) =k Vk>1. (1)
Ta sé chitng minh bing qui nap theo k > 1 ring
g(ng) = k. (2)

That vay, tit gid thiét ta c6

1<g(m) < f(m) =1 (theo (1)) = g(m)=1



C6 nghia la (2) dung khi k& = 1. Gid stt (2) dudc chiing minh dén k nao d6. Suy ra {g(n1),...,g(ng)} =
{1,...,k}. Ma (1) cho thay céac s6 ny,nz, ... la doi mot phan biét, nén do tinh chat don anh cia g
ta co:

9(1) € {g(na), -, g(mi)} = {1, k}. 3)

Hon nita, theo gia thiét,

g(nk+1) < flngs1) =k+1 (do (1)). (4)

T (3) va (4) ta c6 g(nky1) = k + 1. Vay, theo nguyeén 1y qui nap, (2) diung véi moi k € N*. Dic
biét, ¢ ciing 14 mot toan anh nén né 1a mot song anh. Goi ¢! 1a anh xa ngudc clia g, dung (2), ta
viét lai (1) dudi dang:

flg7H (k) =k Vke N~
Suy ra f o g~ ! la 4nh xa dong nhat trén N*, nghia la f = ¢g. Day la diéu phai chitng minh. O
Cach gidi khac. Dat
A= {neN*| f(n) > g(n)}.

Ta can ching minh ring A = (. Gi4 st phan ching ring A # (. Theo nguyén ly sap thi
tu tot, ton tai m = ming(A). Ta viét m = g(k) v6i k € A nao d6. Do f la mot toan anh nén
Al e N*,m = f(l). Ta c6

g() < f(l) =m = g(k) < f(k). (1)

Néu g(1) = f(1) thi g(I) = g(k), nen I = k (vi g don) va do d6 f(I) = f(k), vo ly! Vay g(1) < f(1);
diéu nay, ciing véi (1), cho thay

g9(l) € g(A), g(l) <m =ming(A),
lai vo 1y! Mau thudn cudi ciing nay ching té ring A = (), dieu phai chiing minh. O
Bai toan 3 (IMO 77). Cho f: N* — N* thod
f(n+1)> f(f(n)) VneN".
Chaing minh rang f(n) = n vdi moi n € N*.
Gidi. Theo tinh chat sip thi ty tot cia N*, ton tai

di =min4; véi A ={f(n)|neN}

Ta thay dy € Ay nén d; = f(m) v6i m € N* nao dé. Ta sé chiing minh ring chi c6 thé m = 1. That
vay, néu m > 2 thi tur gia thiét ta co

min A; =dy = f(m) > f(f(m—1)) € Ay (vi f(m—1) € N¥),
vo Iy! Mau thuan dé cho thay
dy = min{f(n) | n € N*}

chi dat duge tai n = 1. Mot cach téng quat, ton tai dj, = min A, véi

A ={f(n) IN*3n >k} (véimdi ke N¥);



va ta sé chiing minh rang (véi N* 3 n > k)
dip, = f(n) chitai n=k. (1)
Theo trén, (1) ding khi £ = 1. Gia st (1) da dang dén k = r (v6i r € N* nao d6). Khi do,

di=f(1) <dp=f(2) <o <dy = f(1).

Xét dpy1 = min A,y = min{f(n) | N* 2 n > r+1}. Néu d,+1 = f(m) v6i N* 2 m > r + 1 nao do,
ta sé chi ra rang m = r + 1. That vay, néu m > r+1thi m —1>r+1 > r nén dung gia thiét qui
nap tacé f(m—1) >d, >--->djy vasuyra: f(m—1)>r+ 1.

Tt gid thiét ctia bai toan, ta cling co

min Ay1 = dp1 = f(m) > f(f(m — 1)) € Appa,
vo 1y! Mau thuan d6 cho thay

dry1=f(n) (N*>n>r+1)

chi tai n = r 4 1; tic 1a, (1) dang khi & = r + 1, v& do d6 theo nguyén 1y qui nap né ding véi moi
k € N*. Vay, f tang:

di=f(1) <dp=f(2) < <dp=fk) <.

Dic biet, ta c¢6 f(n) > n v6i moi n € N*. Hon nita, néu f(n) > n+ 1 tai n € N* nao d6 thi (ciing
do f tang) f(f(n)) > f(n+ 1), mau thudn véi gid thiét ctia bai ton. Vay,

fin)=n

v6i moi n € N*.

Bai toan 4 (Bungari 2010). Cho f : N* — N* thod
f)=1f(n)=n—f(fln—-1)) Vn=2.

Chitng minh rang f(n+ f(n)) =n Vn > 1.

Gidi. Trude hét, ta chitng minh mot sy kién quan trong:

) < f(n+1) <14 f(n) ¥ne N 1)
No6i cach khac, f 1a mot ham don diéu khong gidm va mdi khi tdng né tang chi 1 don vi.
That vay, dit s, = f(n+ 1) — f(n), ta viét lai (1) dudi dang tuong duong:
sp € {0,1} v6imoi n e N*. (2)

Dé thay (2) dung khi n = 1. Gia st (2) da ding v6i moi n < k (k € N* ndo d6). Dung cong thiic
truy hoi ctia ham f, ta tinh dugc

skvr = fk+2) = f(k+1) =(k+2-f(f(k+1)) = (k+1-f(f(F)))
= 1=(f(f(k+1)) = F(f(K)))- 3)

Theo gia thiét qui nap, chi c6 2 kha nang:



o s, =0, ticla f(k+1) = f(k) va do d6 (3) cho ta sp1 =1,
o sp=1,tucla f(k+1) =1+ f(k). Khi do,

(3) = Sk41 = 1-— Sf(k)- (4)

T gid thiét qui nap ta cling thay f don di¢u khong gidm tréen [1, k]; mdi lan tang (trén doan
nay), f tang chi 1 don vi; nén f(k) < k (cha y rang f(1) = 1). Suy ra sy € {0,1} va diéu
nay, két hop véi (4), dan dén: sgyq € {0,1}.

Tu day, nguyén 1y qui nap cho ta tinh chat (2). Vay, (1) da dugc ching minh.
Quay trd lai bai toan, ta tiép tuc ching minh ding thic

fln+fn)) =n (5)
bang qui nap theo n. D& thay (5) dung khi n = 1. Gia st (5) ding dén n € N* nao do. Suy ra

fn) =f(fn+fn) =n+fln)+1=fln+fln)+1)

= f(n+1+f(n))=n+1. (6)
Theo (1) thi chi ¢6 2 kha nang:

1. f(n+1) = f(n). Khi d6 (6) dugc viét lai thanh

fn+1+ f(n+1))=n+1.
Suy ra (5) dung khi thay n béi n + 1.
2. f(n+1) =1+ f(n). Trong truong hgp nay, dung cong thitc truy hoi clia f ta c6
f(n+1+f(n+1) = n+l1+f(n+1)—f(f(n+ f(n+1)))
= n+l+f(n+1)— f(f(n+1+ f(n)))
= n+1+f(n+1)— f(n+1) (do (6))
= n+1,

~— ~—

nén (5) cing dang khi thay n bdi n + 1.

Dung (1) ta c6 thé dua ra mot 15i giai khac, dic sdc hon, cho Bai toan 4.

Cach gidi khdac. Tu gid thiét ta thay f khong bi chin trén; va theo (1), xuat phat tu f(1) = 1,
ham f don diéu khong gidm, mdi lan tang thi tang chi 1 don vi. Suy ra f 1a mot toan anh. Vay,
v6i mdi n € N* ¢6 dinh, ton tai m € N* dé f(m) = n. Tap cac gia tri m thod méan diéu kien nay 1a
hitu han (chd ¥ ring f don diéu khong gidm va khong bi chin trén) nén ta c6 thé xem ring m da
dugc chon 16n nhat. Khi d6, f(m+1) =n+1 va

n+ f(n) = n+f(f(m))
n+m+1—f(m+1)
= n+m+1—(n+1)

— f(n+ i) = f(m)=n.



2 St dung tinh chit don anh, toan anh va tha thuat bién déi dai
s6 dé giai cac phuong trinh ham trén R, Q

Bai toan 5. Tim tdt cd cic ham f : R — R thod:
fle+y+fy) = f(f(x) +2y
vdi moi x,y € R.

Gidi. Cho f: R — R 13 mot nghiém ham. Ta sé ching minh ring f 1a mot don anh. That vay, gia
st f(a) = f(b) =: c¢. Khi d6, dung phuong trinh ham, ta c6

{f(a+b+c) = fla+b+f0) = f(f@)+2 = fle)+26 _
flatb+c) = flb+a+fla) = f(F()+20 = f(c)+2a ‘

Vay f la mot don anh.
Trong phuong trinh ham da cho, chon y = 0, va st dung tinh don anh ctua f ta c6

flz+f(0)) = f(f(z)) = flx)=2+f(0) VzeR
Tht lai, ta thiy moi ham f dugc cho bdi
flz)y=x+C
(trong d6 C 1a hang s6) 1a mot nghiém ham. O

Nhan xét 1. Viéc si dung/ching minh tinh don dnh thuong té ra hiu ich khi zét cic phuong trinh
ham chata nhitng biéu thitc cé dang f(f(...)) va nhitng biéu thiic doi zing ciia cap bién tu do (z,y);
mot trong hai bién tu do x,y ndm bén ngoai cic biéu thic cia f (dudi dang thich hop).

Bai toan 6 (Italian TST 2007). Tim tat cd cdc ham f: R — R thod:
flzy+ f(@) = zf(y) + f(z)
vdi moi x,y € R.

Cach gidi thit nhat. Cho f : R — R 1a mot nghiém ham.
Ta sé chiing minh khang dinh sau.

Khang dinh. Néu f(a) = f(b) = ¢ # 0 thi a = b.
That vay, v6i a, b, c nhu thé, ta c6

{f(ab+0) = flab+ f(a)) = af(b)+ fla) = ac+c
flab4+¢) = f(ba+ f(b)) bf(a)+ f(b) = bc+ec

— ac=bc = a=0b (vi c#0).

Tré lai bai toan. Trong phuong trinh ham da cho, chon z = 0 ta c6

f(f(0)) = £(0). (1)
Dung (1) va Khéng dinh, ta chiing minh dugc

f(0) =0. (2)



That vay, néu f(0) # 0 thi véi a := f(0), b := 0, ¢ := f(a) = f(b) (do (1)), ta thay ¢ # 0 nén
Khang dinh cho ta a = b, titc 1a f(0) = 0, vo Iy! Mau thuan d6 chi ra ring (2) ding.
Trong phuong trinh ham da cho, chon y = 0 va dung (2) ta dugc

f(f(x)) = f(z) VzeR. (3)
Lai dung Khing dinh, tit (3), ta thay
f(z) € {0,z} VzeR. (4)

Hay dé y ring: ham hing v6i gia tri 0 (f(x) =0 Vo € R) vi ham dong nhit (f(z) =2 Vo € R)
la hai nghiém ham cta phuong trinh ham da cho.
Ta sé chiing minh réng khong con nghiém ham nao khac. That vay, gia st

Fwo, f(wo) # 0, (5)
Fyo, f(yo) # yo- (6)
Do (2) nén (5)-(6) cho thay zoyo # 0. Hon nita theo (4) thi f(zg) = o va f(yo) = 0. Vi thé, thay

T = g, Yy = Yo vao phuong trinh ham da cho, ta dugc

f(woyo + wo) = f(x0) = z0 # 0.

Suy ra zoyo + 2o = 2o (theo Khang dinh), nén zgyo = 0, vo ly! Mau thuin d6 chiing t6 ring phuong
trinh ham chi ¢6 2 nghiém ham da néi & trén. O

Cach gidi khdc. Nhu & cach thi nhat, ta ching minh dugc:

f(0) =0, (1)
f(f(@)) = f(z) VeeR. (2)

Trong phuong trinh ham da cho, chon y := —1 va thay x béi f(x) r6i sit dung (2) ta c6

FO) = f(f(z) - (=1) + f(z)) = f(2) f(=1) + f(=).
Vay, theo (1), ta co

f@)((f(-1)+1)=0 VzeR. (3)

Gia st f 1a mot nghieém ham ma ton tai zg véi f(zg) # 0. Tu (3), v6i z = z9, ta suy ra

f(=1)=-1. (4)
Ta sé chitng minh ring
flt)y=t VteR. (5)
Gia stt phan ching rang (5) sai, tic 1a
Jyo. f(¥0) # vo. (6)

Khi do ta c6

Khing dinh. Ham g : R — R cho béi g(r) = f(r) —r (¥r € R) la mot toan anh.



Ta chitng minh Khang dinh. V6i r := xyo + f(z) thi tit phuong trinh ham da cho (véi y := yo)
ta thay

g(r) = f(r)—r
= xf(yo) + f(x) — (xyo + f(2))
= z(f(yo) — vo)

vét hét tap R khi 2 chay khap R (chi y (6)). Nhu vay khing dinh dugce chiing minh.
Tré lai bai toan. Trong phuong trinh ham da cho, chon y := —1 va sit dung (4) ta c¢6

f(f@) —a)=fz) -2 = [f(t) =t

trong d6, theo Khang dinh, t := f(x) —x = g(z) vét hét tap R khi  chay khap R. Nhung diéu nay
mau thuin véi (6). Mau thuin d6 ching t6 ring (5) 1a ding. Chi con phai thit lai dé thu duge hai
nghiém ham f(z) =0, f(z) = =.

O

Bai toan 7 (Balkan MO 2007). Tim tdt cd ciac ham f: R — R sao cho
f(f(@) +y) = f(f(z) —y) +4f(x)y
vdi moi x,y € R.
Gidi. Cho f 1a mot nghiém ham. Trong phuong trinh ham da cho, chon y = f(x) ta c¢6

F2f(2) = F(0) + 4f(2)? Vo eR. 1)
Mt khac, trong phuong trinh ham da cho, thay y béi 2f(y) — f(z), ta duge

fF2fW) = f2(f(z) = f(y) +4f(2)(2f (y) — f(x))

va stt dung (1) ta co6

F0) +4f(y)? = f2(f(2) = f(v))) +4f (@) (2f(y) — f(x))

Khang dinh. Néu ton tai g sao cho f(xq) # 0 thi {f(a) — f(b) | a,b € R} =R.

Chiing minh Khéng dinh. Dit a = f(x) +vy, b = f(x0) — y, tit phuong trinh ham da cho (véi
x :=x), ta thay f(a) — f(b) = 4f(xo)y vét hét tap R khi y chay khip R (vi f(zg) # 0). Nhu vay,
Khéng dinh dugc chiing minh.

Trd lai bai todn, gid sit ton tai xg sao cho f(zg) # 0. Khi d6, theo Khing dinh,  := 2(f(x)— f(y))
chay khap R, nén (2) cho ta

ft)=f0)+t* VtecR,

Tht lai ta thiy ngoai nghiém ham hing vé6i gia tri 0 con c6 cdc nghiém ham duéi dang

f(x)y=2+c VzeR

trong d6 c 1a mot hang s6 tuy . O



Sau day 1a mot s6 bai toan dé nghi vé cling chii deé.
Bai toan 8 (IMO 2000, Shortlist). Tim tdat cd cdc cip ham f:R - R, g: R — R sao cho
fle+9) =2f(y) —yf(z) + g(z)
vdi moi x,y € R.
Bai toan 9. Tum tat cd cdc cdp ham f,g: R — R sao cho
fl@+9)+9(x)=af(y) +yf(z)
vdi moi x,y € R.
Ta két thiic bai gidng v6i mot phuong trinh ham trén tap cac s6 hitu ti duong:
Bai toan 10 (IMO 2013, Prob. 5). Cho f: Qs — R thod man dong thoi ba dieu kién
() f(zy) < f(x)f(y) voi moi z,y € Qso;
(i) f(z+y) = f(z) + fy) vdi moi z,y € Qso;
(iii) 3a € Q, a>1, f(a) =a.
Chiing minh rang f(x) =z Vx € Qsq.
Gidi. Trong (i) chon z := 1,y := a va st dung (iii), ta c6
a<af(l) = f(1) =1
Vi thé

)= FO 4 1) 2 f(1) 4t f) =nf(1) >n ¥ne N 8
Mot hé qua cta (1) la: f(n) > 0 v6i moi n € N*. T do,

o<ﬂm:f(¢g)sﬂ@f0ﬁ

q
véi moi p, q € N*; suy ra f(z) > 0 v6i moi z € Qs¢. Két hop diéu nay véi (ii) ta thay f ting ngat
trén Q>0.

Khiang dinh. f(n) =n Vn & N*.
Ta dua ra hai cach chitng minh cho Khing dinh.

Cach 1 (phuong phap dai s6). Gia st két luan ctia Khang dinh 13 sai. Khi d6 theo (1), ton tai
m € N* dé& f(m) > m. Ta viét

v6i N € N*, M € R, va ta c6 thé chon ching sao cho M > m. St dung (ii) ta c6

f(nm)

Flm+ o m) > fm) o+ f(m) = nf(m)

n(m+ f(m) —m) :nm+n%

nm+ M > (n+1)m Vn> N. (2)

v

Y



Dit k = [log,(Nm)], néi cach khac, k 1a s6 nguyén bé nhat khong bé hon log,(Nm). Ta c6
(k € N):

k> log,(Nm) = a* > Nm. (3)
Goi n 1a s6 nguyen duong 16n nhat dé a* > nm (theo (3) s6 n ton tai, hon nita n > N). Khi d6
nm < a® < (n+ 1)m. (4)
T (2), (4) va tinh don diéu cta f ta duge
(@) = f(nm) = (n+ 1)m. (5)
Cung do (4) ma (i) va (iii) kéo theo
fa") = f(a-a---a) < f(a)- f(a)--- f(a) = a" < (n+ 1)m. (6)
Ta thay rang (5), (6) mau thudn nhau. Mau thun dé chi ra ring két luan ctia Khang dinh 1 ding.

Cach 2 (tiép can giai tich). C6 dinh mot m € N* tuy y va xét day (ng) duge cho bdi

ak
ng = LEJ Vk € N*.

Dé thay limy oo g = 00 (via > 1). Ta ¢6

k
a

ng < — <np+1 = npm < a® < (ng, + m.
m

Vi f tang nén (ii) kéo theo

F(a*) > f(ngm) > ng f(m). (7)

Mt khac, tu (i) va (iii), ta cing c6
f(ak) < f(a)k =ad* < (ng + 1)m. (8)
Két hop (7) v6i (8), ta di dén
1
M + > f(m) >1 Vke N

n m

Cho k — oo va sit dung dinh 1y vé giéi han kep, ta két luan L™ — 1/ tc Ia f(m) = m. Khéng

dinh da dugc chiing minh.

Quay tré lai bai toan. Véi moi x € Qg ta viét x = g v6i p,q € N*. Dung (i) vd Khang dinh ta
suy ra

p=f(p) = flqzx) < f(a)f(x) = qf (x)
= f(z) > g = z. 9)
Mt khac, tu (ii) ta lai ¢

p=[fp)=Fflz+z+ - +z)=flx)+f@)+ -+ flz) =qf(2)

10



= f(x) <.

Cac bat déng thiic (9) va (10) cho ta didu phai chitng minh.
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